The way in which geometry encodes entanglement is a topic of much recent interest in quantum many-body physics and the AdS/CFT duality. This relation is particularly pronounced in the case of topological quantum field theories, where topology alone determines the quantum states of the theory. In this work, we study the set of quantum states that can be prepared by the Euclidean path integral in three-dimensional Chern-Simons theory. Specifically, we consider arbitrary 3-manifolds with a fixed number of torus boundaries in both abelian U (1) and non-abelian SO(3) Chern-Simons theory. For the abelian theory, we find that the states that can be prepared coincide precisely with the set of stabilizer states from quantum information theory. This constrains the multipartite entanglement present in this theory, but it also reveals that stabilizer states can be described by topology. In particular, we find an explicit expression for the entanglement entropy of a many-torus subsystem using only a single replica, as well as a concrete formula for the number of GHZ states that can be distilled from a tripartite state prepared through path integration. For the nonabelian theory, we find a notion of "state universality", namely that any state can be prepared to an arbitrarily good approximation. The manifolds we consider can also be viewed as toy models of multi-boundary wormholes in AdS/CFT.
Quantum information science concerns itself with the transmission and processing of quantum information, tasks that may be described as physical operations on quantum states. Ultimately each such operation takes the form of unitary timeevolution generated a Hamiltonian, possibly depending on time, which describes the dynamics of all relevant degrees of freedom. By contrast, much of quantum mechanics and quantum field theory involve the use of imaginary or Euclidean time evolution to define states of interest. Imaginary time evolution describes evolution with a Hamiltonian H for an imaginary time t = −iτ , essentially evolution with the non-unitary operator e −τ H . So far as we know, imaginary time evolution is merely a useful device for calculating properties of certain quantum states, e.g. a ground state or a thermal state of H. All states realized in nature must ultimately be prepared from some initial state via real time evolution. Nevertheless, given the ubiquity and importance of imaginary time evolution, and the more general notion of a Euclidean path integral, it is desirable to better understand its expressive power.
Our interest in this work is the way Euclidean path integrals map geometries to states. To more precisely define what we mean by a Euclidean path integral, we focus on the case of quantum field theories which can be coupled to arbitrary "background geometries". For a D-dimensional quantum field theory, this means there is a mapping Z, the path integral or functional integral, which takes a D-dimensional manifold M (a spacetime) and returns a probability amplitude Z(M). When the manifold M has no boundary, this amplitude is simply a complex number. When the manifold M has a boundary, then the boundary field configuration must be specified and Z gives the amplitude for this field configuration. In other words, the path integral specifies a state |M in a Hilbert space H ∂M associated with boundary field configurations.
The simplest Euclidean path integral is defined by taking a space Σ and an interval of length β and considering the spacetime Σ × [0, β]. The corresponding path integral is nothing but the thermal density matrix, e −βHΣ , where H Σ is the Hamiltonian of the field theory on space Σ (which need not be flat space). If the boundary consists of multiple connected components, then the total Hilbert space is a tensor product H ∂M = ⊗ n i=1 H Σi , where ∂M = ∪ n i=1 Σ i , and the total Hamiltonian is H ∂M = n i=1 H Σi . This means that the different components Σ i are not coupled and so the Euclidean path integral on ∂M × [0, β] factorizes into a tensor product of the thermal density matrices for each component.
In general, M does not have the form of space×time and the meaning of the path integral is more complicated. In particular, entangled states in H ∂M can be prepared. This is perhaps most distinctive in topological quantum field theories [1] , where the short-range dynamics is trivial but the system still yields highly nontrivial states. For the remainder of this paper, we imagine ∂M is fixed. Then every D-dimensional manifold M with the right boundary defines a state in the Hilbert space H ∂M . The question we pose is the following: What is the set of states in H ∂M that arise by varying M? This question makes sense for any quantum field theory, but in this work we will focus on topological quantum field theories [2] . These theories provide the simplest setting in which to investigate the Euclidean path integral as a mapping between geometry and states, and we will be able to give a complete answer to the main question.
Informally, our results are as follows. We study three-dimensional Chern-Simons theory [3] , a topological quantum field theory which is closely related to the physics of the fractional quantum Hall effect [4] . For simplicity, we specialize to the case where the boundary of M is a union of n tori, Σ i = T 2 . The definition of Chern-Simons theory, which we recall below, depends on a choice of gauge group G and of a level k. We first study an abelian theory, G = U (1), and show that the class of quantum states that can be prepared by the path integral coincides with the class of stabilizer states [5] , which play an important role in quantum information theory. This result has two important consequences: First, it allows us to derive a purely topological formula for the tripartite entanglement. Previously, only bipartite entanglement entropies had been evaluated. Second, it shows that stabilizer states can be naturally parameterized by topology, which is quite different from their well-known description in terms of stabilizer generators or discrete phase space. We then study a non-abelian theory, G = SO(3), for which we show that, by contrast, state preparation by the path integral for certain levels k is universal. Specifically, we can prepare an arbitrarily good approximation to any state in the boundary Hilbert space by a suitable choice of manifold M.
Besides the intrinsic scientific interest in better understanding the physics of the Euclidean path integral, another motivation for our investigation comes from AdS/CFT duality, and in particular the ER=EPR conjecture [6] [7] [8] . In that context there are so-called multi-boundary wormhole solutions [9, 10] which describe bulk gravitational geometries that connect disconnected boundary spacetime regions Σ i × time. These bulk geometries describe states of otherwise decoupled conformal field theories living on Σ i × time, states whose multipartite entanglement properties have been of recent interest [11] [12] [13] [14] [15] [16] [17] . In some cases the relevant states can be understood as arising from a conformal field theory Euclidean path integral evaluated on a bulk spatial splice. Some of the relevant conformal field theories involve sub-sectors that include the topological interactions we study, so our work can also be regarded as a small step towards a microscopic understanding of these multi-boundary wormholes. These motivations imagine the Chern-Simons theory as a toy model of the boundary field theory in AdS/CFT duality, but there are also connections between bulk gravity and Chern-Simons theory (typically of non-compact groups) that would be interesting to explore further from the perspective of our results [18] [19] [20] .
Our work can also be placed in the context of topological quantum computation [21, 22] , which is similarly rooted in topological quantum field theory. We caution that the notion of universality used in quantum computation is a priori unrelated to the "state universality" discussed in this work. The former concerns the capabilities of a computational model, while the latter concerns the physical state space of the topological theory. However, it has been observed that some schemes that are not universal for topological quantum computation using quasiparticle braiding alone can be made universal by incorporating certain topology-changing operations [23] [24] [25] [26] [27] [28] . Indeed, both notions of universality are closely related to properties of the mapping class group representation induced by the topological theory, and our universality result for the nonabelian theory relies on the density theorem of [29] .
Chern-Simons Theory.-Let G be a compact connected Lie group, the gauge group. In three dimensions, the Chern-Simons action for a closed, connected, oriented manifold M is defined as
where A is a Lie algebra-valued connection 1-form, the gauge field; the suitably normalized trace is taken in a defining representation of the Lie algebra of G, and k is a parameter [30] . Under a gauge transformation g : M → G, the gauge field transforms as A → g −1 Ag + g −1 dg. A natural class of gauge- invariant observables is given by Wilson loops
defined as the trace of the holonomy of the gauge field around an oriented closed curve C in an irreducible representation R of G; P denotes path ordering along C. More generally we define for any oriented link
When the group G is nonabelian then the action S CS itself is not invariant under gauge transformation, but instead changes by an amount proportional to 2πk. In order to obtain a gauge-invariant quantum field theory by the Feynman path integral, following Witten [3] , we need to require that exp(iS CS ) be invariant; this constrains k to be an integer. We call k the level of the Chern-Simons theory with gauge group G [31]. Even on the heuristic level of the Feynman path integral, additional topological structure is required so that the theory is well-defined. In particular, the expectation values of Wilson loop operators are only well-defined if we consider so-called framed links, where the closed curves are thickened to solid tori, and modify the definition of W (L, R) accordingly [32] . In this way, the expectation value
where
becomes a topological invariant of oriented framed links. This expression is purely formal due to the Feynman path integral; mathematically rigorous definitions have been proposed e.g. in [33] [34] [35] [36] [37] . Note that for a fixed manifold M, W (L, R) M is proportional to Z(M; L, R); this will be a source of many proportionality signs in the following. When M is a manifold with boundary then the path integral, possibly with Wilson loop operators inserted, should determine a quantum state |M in a Hilbert space H ∂M spanned by inequivalent gauge field configurations on the boundary. A distinguished role is played by the solid torus T , with boundary the two-dimensional standard torus T 2 . It supports a nontrivial Wilson loop operator W (C; R) along its non-contractible core, and the path integral with this operator inserted prepares a quantum state in the boundary Hilbert space ( fig. 1 ). Not all states obtained in this way are distinct; instead, for each level k there is a finite set of irreducible representations R j such that the corresponding states |j form an orthonormal basis of H T 2 . We note that changing the orientation amounts to passing to the dual Hilbert space, H −Σ ∼ = H * Σ . Now suppose that M is a manifold with n torus boundaries Σ j = T 2 . Let M denote the closed manifold obtained by gluing solid tori, with cores C 1 , . . . , C n . Then the multipartite quantum state |M in H ⊗n T 2 prepared by the path integral can be computed as follows:
If we are in addition given a framed link L in M labeled by representations R then we denote the corresponding boundary state by |M; L, R ; its amplitudes can be computed by inserting a further Wilson loop operator W (L, R) into (3).
We are now in a position to restate our overarching question more precisely: Fixing a gauge group G, a level k and a number n, we are interested in the states |M; L, R that can be obtained when we vary over all (not necessarily connected) 3-manifolds M with n torus boundaries, a well as over framed links L in M whose components are labeled by irreducible representations R. Note that, in general, we will compute unnormalized states without worrying about overall normalizations. We focus on torus boundaries for simplicity; our results extend easily to higher genus boundaries. With this choice our Hilbert space will be H ⊗n T 2 -a tensor product of n Hilbert spaces, each of which is spanned by distinguished basis vectors |j , which will play the role of our computational basis. It is instructive to observe that any state |M; L, R can be obtained from a manifold without Wilson loops by projecting on a computational basis state (since we restrict to irreducible representations in R).
As a first example, let N denote the manifold obtained by taking a solid torus and removing two smaller tori from the interior, as shown in fig. 2, (a) . This object has three boundary tori, two of which are negatively oriented, so that the path integral determines a tripartite state |N in H *
best thought of as a map from two copies to one copy of the Hilbert space. We can compute its components using (3) in terms of expectation values of Wilson loop operators in S 2 ×S 1 , the manifold obtained from N by filling in the three boundary tori with cores C 1 , C 2 , C 3 . The result is (4) where N j3 j1j2 denotes the fusion tensor, which we represent graphically as a three leg tensor, shown in fig. 2, (b) . It encodes the fusion rules of the Chern-Simons theory with gauge group G and level k. The appearance of the fusion rules here is not surprising, since the three Wilson loops wrapping the S 1 correspond to three punctures on S 2 ; but the 2-sphere can only support the charges when the fusion rules are satisfied. Since N 0 j1j2 = δ j1,j * 2 , the manifold obtained by gluing a solid torus to the outside of N will, after an orientation reversal, prepare a maximally entangled state j |j, j * . It is often quite complicated to compute the state (3) 
We will repeatedly use this strategy in the following.
In addition to Wilson loops and path integrals, we have other tools at our disposal. Let Σ be a two-dimensional surface. Any orientation-preserving diffeomorphism on Σ is represented by an operator on the Hilbert space H Σ (it can be defined by the path integral). Since the theory is topological, we thus obtain a (in general projective) representation of the mapping class group (MCG) of Σ, which is defined as the group of isotopy classes of orientation-preserving diffeomorphisms. In the case of the torus, Σ = T 2 , the MCG is isomorphic to the modular group SL(2, Z), and it is generated by the socalled S and T transformations (which exchange the cycles of the torus and introduce Dehn twists, respectively). For a general Chern-Simons theory, it is known how to compute their representation matrices in terms of representation theory and level [38, (2.23) ]. Any closed connected orientable manifold M can be obtained from the 3-sphere S 3 via Dehn surgery: cutting out a tubular neighborhood of a link L and re-gluing solid tori with homeomorphisms applied along each cut. The link L = C 1 ∪ · · · ∪ C m is called a surgery link and it carries an orientation and framing. Accordingly, we obtain surgery rules, which compute the expectation values (2) for the manifold M in terms of the 3-sphere S 3 :
. Surgery will be useful to compute expectation values and thereby the states |M that we are interested in classifying. If the denominator in (5) is zero then we will consider the theory not to be well-defined on the manifold M. We refer to [38] [39] [40] [41] for further detail on Chern-Simons theory.
U (1) Theory.-We now turn our attention to a simple abelian Chern-Simons theory, G = U (1). The irreducible representations of G are labeled by integers q ∈ Z. Our goal in the following will be to connect the U (1) theory to stabilizer states, which are most interesting in odd dimension. We will thus consider odd level k. In this case the Wilson loop operators W (C, R q ) depend on the charge q modulo 2k. However, there is a natural restriction to the even-valued charges which we use to obtain a k-dimensional theory [42] . Specifically, we set q j = j + kj, where j = 0, . . . , k − 1, so that the Hilbert space H T 2 of the torus is spanned by basis states that we denote by {|j } k−1 j=0 . The modular S and T transformations have the following unitary representations on H T 2 :
where ω = e 2πi/k [43] . The S-matrix implements a discrete Fourier transform, i.e., a base change from the computational basis |j into the conjugate basis. The fusion tensor is given by:
This tensor comes from U (1) charge conservation, and it has two useful interpretations. When viewed as a map from two Hilbert spaces into one, it can be written as SN (S † ⊗ S † ) ∝ j |j j, j|. Thus its adjoint, which is prepared by a path integral over the manifold in fig. 2 but with opposite orientation, represents a "copy" operation in the basis {S † |j }, as shown in fig. 3, (a) . Viewed as a tripartite quantum state, the same object corresponds to a genuinely tripartite entangled GreenbergerHorne-Zeilinger (GHZ) state [44] . This already indicates that we can produce interesting states by path integration. Now consider the manifold shown in fig. 2 but with a solid torus carrying a Wilson loop in the representation 1 inserted in one of the holes. Path integration on this manifold results in the fusion tensor with one index fixed to the value 1:
This tensor, together with its conjugate version, allows us to generate the full single qudit Pauli group. Recall that the Pauli group of a k-dimensional system is generated by the operators X and Z defined by X |j = |j + 1 (mod k) and Z |j = ω j |j . As such, the tensor in (8) implements the "shift operator" X, and the phase operator is given by Z = SXS † . Thus Z is prepared by a path integral over the same manifold, but with boundary tori identified with T 2 in a different way. For n systems, the Pauli group is given by tensor products of generators, corresponding to the disjoint union of the corresponding 3-manifolds. It follows that we can produce any element of the Pauli group for n qudits by path integration. From these examples, it is clear that we can produce interesting, non-trivial states; our goal now is to see how far we can go and characterize the set of all states we can prepare.
Before diving into our main results, let us briefly review the Clifford group and the related stabilizer states. The Clifford group is defined to be the normalizer of the Pauli group. The stabilizer states are the subset of the full n-qudit Hilbert space We then obtain the controlled addition tensor CADD by contracting this copy tensor with a fusion tensor. (c) We obtain a perfect tensor from two copies of the CADD tensor.
that arise as eigenstates of a maximal subgroup of the Pauli group. Equivalently, they are the states that can be prepared using only Clifford gates applied to the fiducial state |0 ⊗n . The Gottesman-Knill theorem [45] asserts that any quantum computation involving only Clifford group elements applied to stabilizer states can be simulated efficiently on a classical computer. As such, the Clifford group and the stabilizer states are a restricted class of unitaries and states that lack universal quantum computational power. Generators of the Clifford group for odd k are given by the Fourier transform S, the phase gate P |j = ω j(j−1)/2 |j and the controlled addition C ADD |j, = |j, + j [46, 47] . We now state our main result for U (1) Chern-Simons theory: Theorem 1. For U (1) Chern-Simons theory at odd prime level k, we can prepare any stabilizer state in the n-torus Hilbert space H ⊗n
Conversely, if k ≡ 1 (mod 4) then we can only prepare stabilizer states.
Proof. We will build the remaining Clifford generators P and C ADD explicitly. Comparing the definition of the phase gate P with (6), we see that T has the same form as the phase gate except for a state-dependent phase ω j(k+1)/2 . We use the Pauli-Z gate that we constructed earlier to acquire this phase. Indeed, P = Z (k−1)/2 T , where we note that (k − 1)/2 is an an integer for odd k. To produce the two-qudit controlled addition C ADD , we contract a fusion tensor with a copy tensor, giving rise to a complicated manifold with a simple graphical representation, shown in fig. 3, (b) . It follows from the above that we can prepare any Clifford operator U on n qubits by a path integral over some 3-manifold with 2n boundary tori, half of which carry the standard orientation (the outputs) and half of which carry the opposite orientation (the inputs). If we glue solid standard tori to the latter, we obtain a manifold that produces an arbitrary stabilizer state U |0
⊗n . This concludes the proof of the first statement.
We now prove the converse statement. We will use the following important results: The expectation value of any Wilson loop operator W (L, R) in S 3 is fully characterized by the linking numbers of its components (the self-linking numbers are determined by the framing). Specifically, for a framed link L in S 3 labeled by irreducible representations R j1 , . . . , R jn , one
where L ab ∈ Z are the matrix elements of the linking matrix (e.g., [38] ); for the second equality we use that q j = j + kj and defineL ab = 1+k 2 2 L ab , which is again an integer matrix. According to (3) , the amplitudes of the state |S 3 \ N , where N denotes a tubular neighborhood of the link L, are given by the expectation values W (L, R) S 3 . On the other hand, the discrete Hudson's theorem [48] asserts that any state with such amplitudes is a stabilizer state. Therefore, we conclude that |S 3 \ N is a stabilizer state. We now consider an arbitrary manifold M with n torus boundaries. First, we use (3) to express the amplitudes of |M by expectation values of Wilson loop operators in M, the closed manifold obtained by filling in the boundary tori. Second, we use the surgery rule (5) to reduce the latter to an expectation value in S 3 . The consistency of the surgery rule for U (1) has been proved in [40] for prime levels k ≡ 1 (mod 4). The upshot is that
Here, C 1 , . . . , C n denote the cores of the filled-in boundary tori and L denotes a surgery link by which we obtain M from S 3 ; we have omitted the denominator in (5), since it only contributes a global scalar. Now recall thatW (C) = j S 0 W (C, R ). If we denote by N a tubular neighborhood of the link L ∪ L then it follows from the preceding discussion that
where we have introduced |+ = S |0 . Thus |M is obtained by contracting the stabilizer state
with the stabilizer state |+ ⊗m , with m the number of components of L, and therefore again a stabilizer state (e.g., [49, App. G]). Lastly, we had argued before that if we are given in addition a framed link L and irreducible representations R then the corresponding state |M; L , R can be obtained from a manifold without Wilson loops by projecting on a computational basis state. By the same argument as before, this shows that |M; L , R is a stabilizer state.
Theorem 1 shows that the path integral of U (1) ChernSimons theory can be used to prepare arbitrary stabilizer states in the many-torus Hilbert space. Using the Choi-Jamiolkowski isomorphism, we can also prepare an arbitrary element of the Clifford group. As a consequence, we can prepare a large class of interesting quantum error correcting codes. An example is i,j |i + j, i + 2j i, j|, which is a perfect tensor, whose construction we show in fig. 3, (c) . Recall that a tensor with an even number of legs is perfect if, for any bipartition of the legs, the tensor defines a unitary map from one half of the legs to the other. Perfect tensors arise in the construction of toy models of holography [49, 50] .
Stabilizer states are in many ways the finite-dimensional analog of Gaussian states [48] , so it is conceptually quite pleasing that they can be obtained from U (1) Chern-Simons theory, fig. 2 that induces the fusion tensor (7) . Similarly, Z(−2N ∪ f A 2N ) = k 3 , and hence S(A) = S(B) = S(C) = log k. As a consequence, we find from (10) that the fusion tensor is equivalent to g = 3 − 2 = 1 GHZ state.
for which the action (1) is quadratic. It is also quite intriguing that theorem 1 allows us to parametrize the stabilizer states by topology (though redundantly so), which is rather different from the usual description in terms of stabilizer generators or discrete phase space.
Theorem 1 also has a number of concrete consequences for the entanglement properties of states prepared by the path integral in U (1) Chern-Simons theory. First, stabilizer states have flat entanglement spectrum. This means that we can compute the entanglement entropy S(A) of an arbitrary manytorus subsystem A ⊆ ∂M by a introducing only a single replica, rather than having to perform an analytic continuation as in the general case (cf. [51, 52] ). Explicitly,
where we write ρ ∂M = |M M| for the unnormalized density matrix and ρ A = Tr ∂M\A (ρ) for the reduced density matrix; we denote the path integral over the closed manifold N (i.e., (2) without any operator insertion) by Z(N ), two copies of the manifold that prepares the pure state by 2M = M ∪ M, and by f A the diffeomorphism that exchanges the two copies of the tori in A, while leaving the tori in ∂M \ A fixed. In the presence of Wilson loops, the numerator and denominator of (9) include the corresponding Wilson loop operators. Second, going beyond entanglement entropies, the tripartite entanglement in stabilizer states is well-understood: Any pure tripartite stabilizer state is equivalent to a collection of bipartite Bell pairs and tripartite GHZ states [53, 54] . Let ∂M = A ∪ B ∪ C denote an arbitrary tripartiton of the boundary tori. Then the amount of tripartite entanglement, i.e., the number of GHZ states that can be distilled by local unitaries between A, B and C, is given by the following formula [17, (5) ]:
Here, f denotes the diffeomorphism that cyclically exchanges the three copies of the tori in A as 1 → 2 → 3, the three copies of the tori in B as 1 → 3 → 2, and which leaves the tori in C invariant. Since the entanglement entropies can be evaluated using (9), eq. (10) is a fully topological formula for evaluating the tripartite entanglement of many-torus states prepared by the path integral in U (1) Chern-Simons theory. As an example, we can use eq. (10) to verify that the fusion tensor (7) is indeed equivalent to a GHZ state (see fig. 4 ).
SO (3) Theory.-Lastly, we consider G = SO(3) ChernSimons theory at level k = r + 3, when r ≥ 5 is an odd prime. Larsen and Wang have showed that in this case the mapping class group of any surface Σ g of genus g ≥ 2 is densely represented in the projective unitary group of H Σg [29] . We will now show that this implies that any many-torus state can be approximated to arbitrary precision: Theorem 2. For SO(3) Chern-Simons theory at level k ≥ 8, with k −3 an odd prime, we can approximate any state in the ntorus Hilbert space to arbitrary precision by path integration.
Proof. By the Verlinde formula [55] 
where Σ 2 denotes a surface of genus 2. Indeed, dim H Σ2 = i,j, N ij 2 and for each i, j there is always at least one
This suggests that we can inherit the density result of [29] by constructing an isometry from H ⊗2 T 2 → H Σ2 using path integration (cf. [28] ). We claim that the map V induced by the manifold V shown in fig. 5, (a) is proportional to such an isometry. Thus we need to show that V † V ∝ 1. Equivalently, we would like to show that the map corresponding to −V ∪ Σ2 V is proportional to the identity map.
To see this, observe that, according to (3), k, l|V † V |i, j can be computed as an expectation value for the manifold −V ∪ Σ2 V formed by filling the inner, toroidal holes of the two copies of V with solid tori containing Wilson loop operators in the desired representations, and then gluing along the genus-2 surface. The very same manifold can be obtained as the connected sum of two copies of S 2 × S 1 . Indeed, imagine that we first chop each V, as shown in fig. 5, (b) , then glue along the boundaries of the similarly-cut Σ 2 's, and at last along the two holes which have now turned into S 2 's. This gives:
, where we omit the links in Z(. . . ) for notational simplicity; the third line is the calculational rule [3, (4.1)] for the connected sum #, and the fourth line follows from (4) together with the fact that N k i,0 = δ i,k , since fusion with a trivial charge has no effect. Thus we have proved that V † V is proportional to an isometry.
Using this isometry, we can inherit the density result of [29] . Indeed, let U be a unitary operator on H ⊗2 T 2 . Then W = V U V † + (I − V V † ) is a unitary on H Σ2 . According to [29] , the mapping class group is represented densely in the projective unitary group of H Σ2 . Thus we find an orientation-preserving diffeomorphism f represented by an operator proportional to some unitary W f on H Σ2 that approximates W to arbitrary precision. But then U is approximated by V † W f V to the same precision, and the latter can be obtained by path integration over −V ∪ f V. We conclude that any unitary on the two-torus Hilbert space can be approximated by path integration (up to overall rescaling).
Conclusions.-In this work we showed how Euclidean path integrals can be used to generate interesting states like perfect tensors in simple topological field theories. The appearance of stablizer states in the U (1) case allowed us to write topological formulas for the amount of tripartite entanglement in a state prepared by path integral. Furthermore, our results give a new way to encode stabilizer states in terms of topology using Chern-Simons theory. These results can clearly be extended to more general Chern-Simons theories, including theories with more U (1) factors called K-matrix theories and more general non-Abelian theories. Our methods can also be adapted to study more general topological field theories in a variety of dimensions.
Because these field theories exhibit deconfined gauge fields, they exhibit some microscopic similarities with deconfined gauge theories having holographic duals. In particular, it will be interesting to extend our results to SU (N ) level k ChernSimons theories, especially in the limit of large N and k. It will also be interesting to investigate the questions here posed in the context of free field theories, and eventually to combine the two ingredients to move towards non-trivial interacting conformal field theories, some of which like the ABJM model even have holographic duals [56] .
